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Introduction 


Hopf superalgebras are a generalization of the supergroup notion. In physics, infinite-dimen- 
sional Hopf superalgebras based on Lie superalgebras turn out to be related to the integrable 
S-matrix of the AdS/CFT correspondence. For a large class of finite-dimensional Lie superalge- 
bras (including the classical simple ones) a Lie supergroup associated to the algebra is defined 
by fixing the Hopf superalgebra of functions on the supergroup [34]. This framework seems to 
be interesting for studying supermanifolds and supersymmetry. Majid showed that the theo- 
ry of Lie superalgebras and Hopf superalgebras can be reduced to the classical case using the 
bosonization by K[Z/2Z], where K is an algebraically closed field [24]. Recently some classes 
of Hopf superalgebras were investigated like for example pointed Hopf superalgebras and qu- 
asitriangular Hopf superalgebras [3, 4, 18], see also [13, 23]. So far very few is known about 
general classification of superbialgebras and Hopf superalgebras. Nevertheless, classification of 
finite-dimensional Hopf algebras is known for small dimensions and structure of many classes 
are deeply studied, see for example [2, 4, 5, 9, 10, 15, 16, 28, 29, 31, 32, 33, 36, 37, 38, 39]. For 
general theory of Hopf algebras, we refer to [1, 19, 21, 25, 30, 35], and for applications see for 
example [12, 20, 22, 27]. 

In this paper, we discuss properties of n-dimensional superbialgebras and provide a clas- 
sification of non-trivial superbialgebras in dimensions 2, 3 and 4. Moreover we derive a clas- 
sification of Hopf superalgebras for these dimensions. 

The paper is organized as follows. Section 1 reviews definitions and properties of superbial- 
gebras and Hopf superalgebras. Moreover, we provide an outline of the computations leading to 
classifications. In Section 2, we focus on trivial and connected superbialgebras. We characterize 
connected superbialgebras and classify connected 2-dimensional superbialgebras and Hopf su- 
peralgebras. Sections 3 and 4 deal respectively with classification of 3- and 4-dimensional 
superbialgebras and Hopf superalgebras. We emphasize on non-trivial superbialgebras, from 
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which we derive the non-trivial Hopf superalgebras. To this end, we establish classification of 
3-dimensional superalgebras and use the 4-dimensional classification due to Armour, Chen and 
Zhang [7]. 

Throughout this paper, we work over K, an algebraically closed field of characteristic zero. 
Unless otherwise specified, we will denote the multiplication by or -, and the unit element by 
n(1) = e, = e = 1. For simplicity, we will use just product (or multiplication), unit, counit 
and coproduct (or comultiplication) in the sense of even morphism (i.e. we will drop the suffix 
‘super’). We also would like to mention that in the last section, most of the results are obtained 
by using the computer algebra system Mathematica. The program we have used is available. 


1 Definitions of superbialgebras and Hopf superalgebras 


In this section, we summarize definitions and properties of superbialgebras and Hopf superalge- 
bras. For more details, we refer to [3, 18]. 

A superspace A is a K-vector space endowed with a Z/2Z-grading, in other words, it writes as 
a direct sum of two vector spaces A = Ag@ A, such as Ao is the even part and A, is the odd part. 
Elements of Ag (resp. Ai) are called even homogeneous (resp. odd homogeneous). If a € Ao, 
we set |a]| = deg(a) = 0 and if a € Aj, |a| = deg(a) = 1. Notice that some authors denote the 
dimension of A by i|j, such that « = no and j = n1, where no = dim Ap and n; = dim A. But 
in this paper we preserve this notation for the superalgebra obtained by the ith algebra. Notice 
that the following definitions could be described in a symmetric category of superspaces. 


Definition 1.1. A superalgebra is a triple (A, 4,7) where A is a superspace, 4: A@ A> A 
(multiplication) and 7: K — A (unit) are two superspace morphisms satisfying 


po (tp @idg) = po (id, @p) (associativity), (1.1) 

pon ®@idy = poidy @N (unity). (1.2) 

A superalgebra A is called commutative if the multiplication satisfies p07 = ps where T is 

a superflip. In other words, for all homogeneous elements a,b € A, p(a@ b) = (—1)!lllu(b@ a). 


Let (A, 4,74), (B,uB,nB) be two superalgebras. A map f : A > B is a superalgebra 
morphism if it is a superspace morphism satisfying 


fowa=ppof@f and fona=np. (1.3) 


Definition 1.2. A supercoalgebra is a triple (C, A, <) where C is a superspace such that A : C > 
C ®C (comultiplication or coproduct) and ¢ : C + K (counit) are two superspace morphisms 
satisfying 
(A ®idg)o A = (idg @A) oA (coassociativity), (1.4 
(e @idc) oA = (idg @e)o A (counity). (1. 


Ol 
we YH 


We use the Sweedleer’s notation for the coproduct, we set for all EC 
Ala) = ye @ 2), (id @A) o A(x) = (A @ id) o A(z) = S> ct @ 22) @ 20), 
(x) (2) 


A supercoalgebra C is said to be cocommutative if the comultiplication satisfies A = 7 0 A, 
where 7 is the superflip, that is 


VreEc, A(x) = soa!) @ 72) = So (-1 eel z2) @ ¢), 
(z) (x) 
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Let (A, Ag, 4), (B, Ap, €g) be two supercoalgebras. The map f : (A, Ay,é4) > (B, Ap, és) 
is a supercoalgebra morphism if it is a superspace morphism and satisfies 


fefoA,=Apgof and epof=eEr. (1.6) 


Now, we consider a superbialgebra structure which is obtained by combining superalgebras 
and supercoalgebras. Moreover, if a superbialgebra has an anti-superbialgebra morphism satis- 
fying some condition, it is called a Hopf superalgebra. 


Definition 1.3. A superbialgebra is a tuple (A, u,7, A,¢), where (A, 4,7) is a superalgebra and 
(A, A, €) is a supercoalgebra such that one of these two equivalent compatibility conditions hold: 
1) A: A+A@A and ¢: A > K are superalgebra morphisms, 
2) wp: A@A—>A and 7: K-—- A are supercoalgebra morphisms. 


In other words, A (resp. €) satisfies the following compatibility condition 


Aop= (uw ® p) 0 (id4 @7 @id4) o(A @A), Aon=78n (1.7) 
(resp. €oH=pKO(E@e), €07 = idx), 
where px is the multiplication of K. 


The last condition in (1.7) says that the unit 1 = e? = (1) of the superbialgebra is a group- 
like element A(1) =1@1. 


Remark 1.4. Note that if (A = Ap @ Aj, 4,7, A,e) is a superbialgebra with 7(1) = 1, a unit 
element, then we have 


e(Ai) =0 and a1). =1, 


Indeed, if ¢ : A —+ K is a superspace morphism and K is a superspace whose odd part is 0, 
then € sends the odd part of A to odd part of K which is 0. For the second assertion, if A is 
a superbialgebra then ¢ is a superalgebra morphism and it sends the unit element of A to unit 
element of K. 


If A and B are two superbialgebras over K, we shall call a superspace morphism f : A > B 
a superbialgebra morphism if it is both a superalgebra morphism and a supercoalgebra morphism. 


Definition 1.5. A Hopf superalgebra is a superbialgebra admitting an antipode, that is a su- 
perspace morphism $ : A > A which satisfies the following condition: 


o(S @id4)oA= po (id4@S)oA=nNoe. (1.8) 
A Hopf superalgebra is given by a tuple H = (A, y,7, A,<,S). 
Let (A, u,7, A,e,S) be a Hopf superalgebra and S its antipode. Then we have the following 
properties: 
1) Sow=poro(S@S); 
2 
3 


4 
5 


Son=n; 
E0S =e; 
FolS Se S)ok=Aos; 


if A is commutative or cocommutative then So S = id where id: A —> A is the identity 
morphism; 


) 
) 
) 
) 
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6) if the antipode S of the Hopf superalgebra A, with A as comultiplication, is bijective then 
A is also a Hopf superalgebra, with the opposite comultiplication A’ = ro A and the 
opposite antipode S’ = S7!: 

7) all finite-dimensional Hopf superalgebras possess bijective antipodes. 


Remark 1.6. Some superalgebras do not carry a superbialgebra structure. For example A = 
Mo(KK) is a superalgebra with matrix multiplication and such that the even part is Aj = 
Ke? @ K e§ and the odd part is Ay = K e} @ K ed, where 


1 0 10 vt 0 0 
f=(04) 4-0) eGo)» 4=C 9) 


Indeed, the compatibility condition between the counit ¢ and the product e(ju(~@y)) = e(x)e(y) 
isn’t always satisfied, since in one hand we have e((et ® e4)) = e(e§) = 0, because e(e}) = 
e(et) = 0, and in the other hand e(y(e} @ et)) = e(e? — 8) = 0. Then e(e§) = 1, which leads to 
a contradiction. 

In Sections 3 and 4, we aim to classify n-dimensional non-trivial superbialgebras (resp. Hopf 
superalgebras), for n = 3 and n = 4. An n-dimensional superbialgebra (resp. a Hopf superalge- 
bra) is identified to its structure constants with respect to a fixed basis. It turns out that the 
axioms of superbialgebra structure translate to a system of polynomial equations that define 
the algebraic variety of n-dimensional superbialgebras which is embedded into K2n5+6nonj+no—1 
The classification requires to solve this algebraic system. The calculations are handled using 
a computer algebra system. We include in the following an outline of the computation. 


1. We provide a list of non-trivial n-dimensional superalgebras: 


e For n = 2, the list is taken from [14, 17]. 
e For n = 8, the list is given in Propositions 3.2 and 3.3. 
e For n = 4, the list is taken from [6]. 


2. Fix a superalgebra A and compute the supercoalgebra’s structure constants {Dj jG ws 
and {€°}, where 


Ns Nt 


}= OS Dye oe} 


s=0 j=1 k=1 
with t = (1+ s) mod [2] and 


ay if 1=0O and i¥1, 
el) = 40 if 1=1, 
1 if ¢7=0 and i=1 
with respect to bases i er and fer et ri of Ag and Aj, respectively. Supercoal- 


gebra structures on A making it a superbialgebra are in one-to-one correspondence with 
solutions of the system corresponding to (1.4), (1.5), (1.7). 


3. Obtained in (2) is a family {A;};e7 of superalgebras whose underlying superalgebra is A. 
We sort them into isomorphism classes. Two superbialgebras, given by their structure con- 
stants, are isomorphic if there exist matrices (Tis 0)? Ti 1) ;~ defining a superbialgebra mor- 
phism with respect to the basis, that is satisfying det (T* (i,0 0)) det (Tf 5 )) # 0 and (1.3)—(1.6). 

4. For each representative of isomorphism classes, determine whether a. admits an antipode 
or not. It follows from existence or not of structure constants Ni 5)? of a morphism S, 


S(ej) = = Nis 6) ek satisfying (1.8). 
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2 ‘Trivial and connected superbialgebras 


We describe in this section some properties of connected superbialgebras, which are superbial- 
gebras with 1-dimensional even part and trivial superbialgebras, which are superbialgebras with 
trivial odd part. 


2.1 Trivial superbialgebras 
We have the following obvious result. 


Proposition 2.1. Every finite-dimensional bialgebra (resp. Hopf algebra) is a superbialgebra 
(resp. Hopf superalgebra), whose odd part is reduced to {0}. This superbialgebra (resp. Hopf 
superalgebra) is called trivial superbialgebra (resp. trivial Hopf superalgebra). 


The algebraic classification of Hopf algebra were investigated by many authors. Hopf algebras 
of prime dimensions were classified in [39]. We refer to [37, 38] for the classification of finite- 
dimensional Hopf algebras up to dimension 11, see also [26]. Semisimple Hopf algebras of 
dimension 12 were given in [16] and complete classification of dimension 12 provided in [32]. 
See [8] for dimension 14 and [11] for dimension 20. The minimal dimension where the problem is 
unsolved is 24. For the classification of 2 and 3-dimensional bialgebras, we refer to [14]. They are 
based on Gabriel’s result of 2 and 3-dimensional algebras [17]. Classification of 4-dimensional 
superbialgebras will be given in a forthcoming paper. 


2.2 Connected superbialgebras 


In the following we consider connected superbialgebras whose even part are isomorphic to K. 
The notions of a connected superalgebra, supercoalgebra and Hopf superalgebra are defined in 
the same way. 


Lemma 2.2. Let A= Ap @ A, be an (n+1)-dimensional connected superspace. If (A, w,n, A, €) 
is a superbialgebra with 1 = n(1), then we have 

1) nz @y) = wy @z) =0, Va,y € Al, 

2) A(z) =182+2061,VrE A. 


(Ani tk ® 
1 


Proof. Let (#1, 22,...,2%n) be a basis of Aj, and set p(x; ® 2;) = ajjl, A(ai) = 
k 


n 


1+ rA1¢1 © zy), with ay, A137, Aj1 € K, Vi, 7 € {1,...,n}. 
e The compatibility of the counit and the multiplication e(u(x; ® x;)) = e(a;)e(x;) and the 
fact that e(x;) = 0, Vi € {1,...,n}, show that aj; = 0, Vi,j € {1,...,n}. Then we have 


e The compatibility of the counit and the following condition: 


(c @ id)(A(a;)) = (id @e)(A(a;)) =a;, Vie {1,...,n}, 
lead to (€ ® id)(A(a;)) = 3 


(Arie (&r) @1l+ Airpe(1) 9) Lk) = Ss AtkLk = xi and 
k k=1 


1 


n 


(id @e)(A(ai)) = 57 (Anave @ €(1) + Atal @ e(we)) = S> Agree = wi. 
k=1 k=1 


Then Ai, = Ax = 0, VE € {1,...,n} \ {2} and Ay; = Aw = 1. So 
A(a;) =27,@14+18%;, Vee Ts .. tye a 
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Notice that the first assertion of this lemma is just Proposition 2.11 in [6] for which the proof 
is different. 


Theorem 2.3. An n-dimensional connected superbialgebra exists only when n < 3. 


Proof. Let A = Ao @ A; be a superalgebra with multiplication 4 and unit 1. Assume Ap = K1, 
dim Ay = n—1 and (21, 2%2,...,%n-1) be a basis of Aj. 

According to Lemma 2.2, A(z;) = 1@2a;+2;@1. Compatibility condition leads in one hand 
to A(u(a; ® x;)) = 0, and in the other hand to 


U® pwor(A(z;) @ A(z;)) = pS pwor((1®a4+ 4; @1)@(1@2;4+ 2; @1)) 
=pOpor(s,@182;814+2;,0181802;4+182, 82; 814182; 8182;) 
= 1 OL; — 1% OX, Vij € {1,...,n—1}. 


Since 2; ® 2; — 2; ® x; # 0, Vi # j, therefore, the compatibility condition is satisfied only if 
n= 2. a 


A 2-dimensional superbialgebra is either trivial or connected. For trivial 2-dimensional bial- 
gebras, we refer to [14]. In the following, we provide connected 2-dimensional superbialgebras 
and Hopf superalgebras classification. 

Let (A, u,7,A,¢) be a 2-dimensional connected superbialgebra. We set Ag = K, Ai = 
span{z} and 7(1) = 1 its unit element. 


Proposition 2.4. Every 2-dimensional connected superbialgebra is isomorphic to 2-dimensional 
connected superbialgebra K[x]/(x?) with deg(x) = 1 and defined by A(z) =1@x2+2@1. 

Moreover, it carries a Hopf superalgebra structure with an antipode S defined by S(1) = 1 
and S(x) = —2. 


Proof. The multiplication, the comultiplication and the counit are defined according to Lem- 
ma 2.2 and with this extra product, coproduct and counit x-x = al, A(z) = 61@2+4+ yr @1, 
where a,(,7 € K. Solving the system corresponding to conditions (1.1), (1.2), with respect 
to structure constants a, 8, y, leads to the result. For the second assertion, we assume that 
the antipode S is defined as, S(1) = 1, S(#) = Ax, with \ € K. Applying the identity (1.8) 
to x, we obtain only one non trivial 2-dimensional Hopf superalgebra associated to connected 2- 
dimensional superbialgebra defined above. The antipode is defined as S(1) = 1, S(x) = -—a. 


Let f : A —> A be a superalgebra homomorphism, this means that f is an even linear map, 
satisfying f(1) = land fow=pof®f. Let us set f(z) = ax, where a € K\{0}. A direct 
calculation shows that fop = po f ® f is satisfied for any a 4 0. Therefore, the automorphism 
group of the 2-dimensional superbialgebra is the infinite group 


ae °) , with a € K\{0}} . 


3 Classification of 3-dimensional superbialgebras 
and Hopf superalgebras 


In dimension 3, there are three cases for n9 = dim Ag. If n9 = 1, we have connected superbialge- 
bras which are covered by Proposition 2.3. If ng = 3, we have trivial superbialgebras for which 
we refer to [14] for the classification of 3-dimensional bialgebras. It remains to study the case 
no = 2. 
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3.1 Superalgebras 


Let (A, u,, A,e) be a 3-dimensional superbialgebra such that A = Ap @ A; and dim Ap = 2. 
Let {1,x,y} be a basis of A, such that {1,x} generates the even part Ag and {y} generates the 
odd part Ai. Assume that 7(1) = 1. 

We recall here the classification of 2-dimensional algebras. 


Proposition 3.1 ({14, 17]). There are, up to isomorphism, two 2-dimensional algebras A, = 
K[a]/(a?) and Az = K[z]/(x? — 2). 


Since the even part of a superalgebra is an algebra, we fix the even part multiplication to 
be one of the two 2-dimensional algebras, recalled in Proposition 3.1. We denote by ju,;); the 
j*» multiplication obtained by extending the multiplication j; of a 2-dimensional algebra to the 
multiplication of a 3-dimensional superalgebra. We consider first the algebra Aj. 


Proposition 3.2. Every non-trivial 3-dimensional superalgebra, where the even part is the 
2-dimensional algebra A, is isomorphic to one of the following pairwise nonisomorphic 3-di- 
mensional superalgebras Ay, = K[x, y|/(x?, y?, zy) and Ajj. = K[z, y|/(x?,y? — 2, xy), where 
deg(x) = 0 and deg(y) = 1. 


Proof. We set 
ry = ay, y- c= By, y-y=ryel ton, with a,6,7,0 EK. 


We have x: (y-y) = ya, (x+y): y= aye} +acz, (y-y)-a = ax and y- (y+ x) = Bye} + Bor. 

According to associativity and by identification, we obtain ay = 0, aa = 7, by = 0, Bo = 7. 
Then y = 0 and y-y =o. 

Moreover, x: (x-y) = (x-x)-y=Oand (y-z)-4@=y-(x-x) =0 lead toa = 6 = 0. Finally, 
it remains to fix o. 

If o = 0, we obtain the superalgebra defined by Aj). If o # 0, then we have the superalgebra 
which is given by the multiplication jz, defined as u(x @ x) = 0, Us(y®@x) = 0, us(x @ y) = 0, 
Uo(y @ y) = o2x,0 #0. It is isomorphic to Aj) (¢ = 1). a 


For the second algebra Az, we obtain three possible extensions as a 3-dimensional superalge- 
bra. 


Proposition 3.3. Every non-trivial 3-dimensional superalgebra where the even part is the 
2-dimensional algebra Ag, 1s isomorphic to one of the following pairwise nonisomorphic 3- 
dimensional superalgebras Ag = K[z, y]/(z? — x,y? — 2, cy — y), Ag\2 = Ka, y)/(x? — 2, y?, 
ry —y,yx) and Ag 3 = K[x, y|/(x? — x, y*, xy — y), where deg(x) = 0 and deg(y) = 1. 


Proof. By associativity conditions (1#-r)-y=a-(x-y) and y-(«-2) = (y-2)- a, it follows 
that a@ and @ may have only values 0 or 1. 
Similarly, conditions x-(y-y) = (x-y)-y and y- (yx) =(y-y)-a lead to 


ay = 0, ag=y+0, By = 0, Bo=y+o. (3.1) 


We discuss the two cases y = 0 and y £0. 
1. If y = 0, then the system (3.1) reduces to o (a — 1) = 0 and a (G — 1) = 0. So, we deduce 
two subcases: 
a) Ifo #0, then a = 6 = 1. We obtain superalgebras which are isomorphic to Ag; (7 = 1). 
b) If co = 0, we study two cases a= 6 anda 6, 
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i) If a = B, that means (a, 8) € {(0,0),(1,1)}. Then, we obtain two superalgebras 
isomorphic to Ag)3. 

ii) If a ¥ 6, that means (a, 6) € {(0,1),(1,0)}. Then, we obtain superalgebras which 
are isomorphic to Agyo. 


2. If y # 0. Then, the system (3.1) reduces to a = 8 = 0 and ao = —+. So, we have 
superalgebras with multiplications j1, defined as 


M(e@r)=2, pw(y@r)=0, pw(x@y)=0, ml(y®y)=yU-2), 


which are isomorphic to the superalgebra A9)1. a 


3.2  Superbialgebras and Hopf superalgebras 


Now, we construct superbialgebra structures associated to the five superalgebras found above. 


Proposition 3.4. There is no 3-dimensional superbialgebra, with dim Ap = 2, associated to 
superalgebras Ay; and Ajj). 


Proof. Assume A(z) = a1 @1+(61@2+7r4@1l+or@x+dy@y where a, B,y,0,6 € K. Since 
we have 2” = 0, the compatibility condition (u(x @ x)) = e(x)e(x), implies e(x) = 0. 

In one hand, the condition (¢ @ id)(A(x)) = (id @e)(A(x)) = x implies that a = 0 and 
8 = y =1. In the other hand, the compatibility condition A o p(x @ 2) = (u@ p) o (id @T @ 
id)o (A @A)(x ® x) = 0, leads to Gy = 0. Therefore we have a contradiction. a 


In the sequel, we consider the superalgebra structures defined by fgi1, Mj2 and [/3. We 
denote by Ais the superbialgebra (A, Hays, Al ef, We have A°°P = (A, y,7, A’,e) where 
A’ = Ao7 and 7 is the superflip. By direct calculation, we obtain the following pairwise 
non-isomorphic superbialgebras. For all of them we have A‘ (1) =1@1. 


For superalgebra A), we have 


1) Aj), with A}, (2) =1@e+2@1—rc@z, Ahly) =y@1+1@y—y@z, 5, (x) =O; 
2): (Ah): 


For superalgebra Ag)2, we have 


1) Ab, with A5jo(2) =182r+27@1-r@z, Adio(y) =18y+y@l1l-y@r-ze@y, E5)9(2) = 0; 
2) A; with A5io(2) =1@r+27@1l—-xre@rt+y@y, Adio(¥) =l®y+y@l-y®r-7@y, 
e519(2) = 0; 


3) A3, with A3io(2) =8Ox, Adio(y) =y@rt+r@y, €5)9(2) = 1; 


4) Aj, with A5jo(2) =r@zrt+y®@y, Adio(¥) =yOr+zr@y, €5)9(2) =i 


For superalgebra Ag)3, we have 


1) Ana with Asi3(2) =18274+27@81-78@2, Adig(¥) =1@y+y@l—-r®y-yez, ehs(2) =0; 
2) Adis with A}.(c)=1@e+r@1l—e@z, Adn(y) =1@y+y@l—z@y, €5)5(x) =0; 
3) (423): 

4) Aj, with AD.(z) =1@x+z2@1—2@z, Ab,(y) =y@1+1@y,€5,(x) = 0; 

5) Aj), with A} i3(2) =o, Adi3(¥) =yOr+@r@y, E5)3() =1. 
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Theorem 3.5. Every non-trivial 3-dimensional superbialgebra with dim Ap = 2 is isomorphic to 
one of the following 3-dimensional pairwise non-isomorphic superbialgebras, which are defined 
above, 


1 1 \cop k 1 2 2 \cop 4 5 
Aji, (Ady) > Age (K=1,.--,4), Ag, Adj, (Adis) Agj3, Ag). 
Theorem 3.6. There is no non-trivial 3-dimensional Hopf superalgebra. 


Proof. We check that no one of the superbialgebras may carry a structure of Hopf superalgebra. 
Let S' be an antipode of one of the 3-dimensional superbialgebras defined above. Assume that 


S(1) =, S(z) =A\1+ A2x, S(y) = A3y, 


and S satisfies the identity 0 (S @id)o A= po (id@S)oA=noe. 
We apply the identity to x and study two cases. 
Case 1: ¢(x) = 0. For all 3-dimensional superalgebras in this case, we have 


A(z) =1®@24+2@l1l—-rc@rt+ay@y, such that @=0O or 1. 
In one hand, we have, 


wo(S @id4)o A(z) = po (1®r+2@1—-S(r) @xr+aS(y) @y) 
= a+ (Aya + Agx) — Aye — Age = {14+ (1 — Aji )a. 


In the other hand, we have 7 0 e(x) = 0. Therefore, we have a contradiction. 
Case 2: ¢(x) = 1. In this case, A(x) must have the form 


A(z) =x @xr+ay®y, such that a=0 or 1. 
Then, on one hand, we have, 
00 (S @id4) o A(x) = po (S(x) @ z+ aS(y) @y) = (Ai + A2)@. 


On the other hand, we have 7 0 e(x) = 1. So we have a contradiction. a 


4 Classification of 4-dimensional superbialgebras 
and Hopf superalgebras 


Let A = Ap © A, be a 4-dimensional superbialgebra. Then one has to consider four cases for 
no = dim Ag. If no = 1, the superbialgebras are connected, then it is covered by Proposition 2.3. 
If no = 4, then they correspond to trivial superbialgebras. In the sequel, we discuss cases np = 2 
and no = 3. 


4.1 4-dimensional algebras 


In the following, we recall the classification of 4-dimensional algebras given by Gabriel in [17] and 
the classification of 4-dimensional superalgebras with no = 2 and no = 3 provided by Armour, 
Chen and Zhang in [7]. 


Theorem 4.1. The following algebras are pairwise non-isomorphic and every 4-dimensional 
algebras is isomorphic to one of these 19 algebras: 

1)\KxKxKxK, 

2) Kx K x K[z]/2?, 
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3) K[x]/a? x Klyl/y?, 

4) K x RK[a]/z?, 

5) K[z|/z*, 

6) K x K[z,y]/(2,y)?, 

7) K[z, y]/(«?, y?), 

8) Kix, y]/(x?, xy, y?), 

9) K[x, y, 2]/(a,y, 2)’, 

10) Me=(F Ke): 
a 00 0 

11) ° . /a,b,c,d EK >, 
000 b 


K K 

13) Kx (C “y 
a 0 O 

14) c a q /a,b,c,d € K >, 
d 0 6b 
acd 

15) 0 a q /a,b,c,d € Kp, 
0 0 b 

16) K[x, y]/(x?, y?, yx), 
a 0 0 

17) 0 a 0} /a,b,c,d€ K >, 
c d b 

18) K(a, y) (2? ee = Ary), for A # =1, 0, ls 


19) Ke, y)/(y? . 24 yx, ry + yz), 


where K(x, y) is the free associative algebra generated by x and y. 


4.2 Superalgebras with dim(Ag) = 3 


Let {e, e§, e8, et} be a basis of the superalgebra A, A = Ap@ Aj, such that Ap = span{e}, €8, e9}, 
A, = span{et} and e? be the unit element of the superalgebra. We recall the multiplication of 
all possible graduation obtained from a fixed algebra, we denote by j4;,; the multiplication of 


each 4-dimensional superalgebra in the case dim Ag = 


a superalgebra i|j7 means the j*® superalgebra obtained by a fixed 


3. We preserve the notation used in [7], 


ith 4-dimensional algebra. 


Proposition 4.2 ({7]). Let K be an algebraically closed field of characteristic 0, suppose that A is 
a 4-dimensional superalgebra with dim Ap = 3. Then A is isomorphic to one of the superalgebra 
in the following pairwise nonisomorphic families: 


NO Fk WN NY F 


1: Kx KxKxK, ef =(1,1,1,1), e = (1,0,0,0), e§ = (0,0,1,1), et = (0,0,1, -1); 
1: Kx Kx R[z]/2?, ef = (1,1,1), e} = (1,0,0), & = (0,10), ej = (0,0, 2); 

2: Kx Kx K{[a]/2?, eo = ana = (1,10), =(0,0. 2), 2 = 0, =1,4)); 

1: K[x]/x? x Klyl/y?, ef = (1,1), ef = (1,0), €§ = («,0), ef = (0,9); 

1: K x K[z]/2°, e? = 7. a= a, Oe = (O27 ),.<) = (0,82 

1: K x K[x,y]/(#,y)? : ef = (1,1), ef = (1,0), & = (0,2) (0,y); 

1: Kz, y|/(2?,y7), 2 =1, B=aty, &=ay, b=xz-y; 
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Ay, eg 


8/1: K[z, y|/(x3, cy, y?), ef 


= 0.2 (0 _ ae 
=1l,eg=2*,e3 =y, €1 =F; 


8/2: K[x, y]/(x?, ay, y"), ef 


9|1: K[z, y, z]/(x,y, 2)”, ef 
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4.3 Superbialgebras and Hopf superalgebras with dim(Ao) = 3 


We look for all possible superbialgebras which could be obtained from a fixed superalgebra. The 
computation are done using a computer algebra system. For the convenience of the presentation, 
we only summarize the results in the following proposition. The notations and details are 
collected in Appendix A.1. 


Proposition 4.3. Let (A, u, 1, A, €) be a 4-dimensional superbialgebra with dim Ag = 3. Then 
A is isomorphic to one of the superbialgebra in the following pairwise nonisomorphic families: 


superalgebra associated superbialgebras 


1/1 (A, Ham At ety), k=L...,12 
2/1 (A, Ho, AS, €5 1), k= 1,...,22 
4\1 (A, Hay, Ad eg.), & = 1,2,3 

6|1 (A, Hel1577, Af €6I1)> k=1,..4,18 
13|1 (Ai test stay eS el 
14|1 (Aiea A ise ae BS he 
142 (A, Hraja, 7 Ata, tao)» k=1,..., 
15|1 (Apitie ty AY gat ei iS Lykess 
15|2 (A, Hs am Ate nee 5) k=1,..., 
17|1 (Ay ipigth: Age sus OS lyre 1D 


Remark 4.4. There is no 4-dimensional superbialgebra with dim Ap = 3 and underlying mul- 
tiplications pig, M3j1, M71, sll, M32; Holt, Ma|1- 


Now, we look for Hopf superalgebra structures. For a fixed superbialgebra defined above, we 
add the antipode’s property. It turns out that there exists only one non-trivial 4-dimensional 
Hopf superalgebra in the case dim Ag = 3. It corresponds to the algebra (1|1) and comulti- 
plication Ata where A= Kx Kx Kx K. We set x = e? — 2e9 — e§ = (—1,1,0,0) and 
y = et = (0,0, 1, —-1) with deg(x) = 0, deg(y) = 1. It leads to basis {1, a, x?,y} and the algebra 
may be written as K[z, y]/(x? + y? — 1, xy) with deg(x) = 0 and deg(y) = 1. 


Proposition 4.5. Every non-trivial 4-dimensional Hopf superalgebra where dim Ap = 3 is iso- 
morphic to the 4-dimensional Hopf superalgebra K[x, y]/(x? + y? — 1, xy) with deg(x) = 0, 
deg(y) = 1 and such that 

A(z)=x@zr-ay®@y, e«x)=1, S(x) =z, 

Ay)=c®yt+y@z, ey)=0, Sly) =ay. 


where a is a primitive 4” root of unity. 


4.4 Superalgebras with dim(Ao) = 2 


Let {e}, e§, et, e4} be a basis of the underlying superspace A, such that {e9, e9} is a basis of 
the even part, {e}, e4} a basis of the odd part and e? is the unit of the superalgebra. 


Proposition 4.6 ((7]). Let K be an algebraically closed field, suppose that A is a 4-dimensional 
superalgebra with dim Ag = 2. Then A is isomorphic to one of the superalgebra in the following 
pairwise non-isomorphic families: 


12: Kx Kx KK, ef =(1,1,1,1), € = 0,100), et =(=L6,0, 4 =0,0,,—1 
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1,0), ej = (1 0,0), e5 ae (0,0, x); 
), el = (x, 0), e} = (0, y); 
= ry), e] = Cy —1), e} = (ee =y); 


© AOAnNIianNnaa»w w Wd 
no wWwon nd fF WN W 


m2 ees ej =l,eg=2, e] Y, e5 a; 


= 
a] 
_ 
s 
lI 
o -~. 
AA 
AA 
NY 
lI 
a 
a. 
=) 
Qo 
Wee 
a, 
& 
=o 
g 
Q 
M 
A 
“Sn 
o 
HO 
l| 
Pn 
or 
He © 
NS 
ia) 
NO 
II 
ae 
or 
ca ae) 
ERE 


0 0 100 0 
; a d 6-1 Oe Mh OO 
11|2: 0 0 /a,b,c,d€E Kp, ef = 001017 
0 b 000 1 
100 0 O20 0: ue 0000 
é 010 0 ; 210.0% : 000 0 
€5 = e, = e = - 
= Oo. 0 [et 000 0]’ 2 100 Of’ 
000 0 O20) 16 0 000 0 
a 0 0 0 100 0 
0ao0d 60° EO 
11|3 a ae ae /a,b,c,d€ Kp, & = 0 OL Oe 
000 6b 000 1 
000 0 130 OOO 000 O 
F 0001 ; 01 0 =O : 0: 0. 0° =1 
C5 = eS eC = 
2 Oe Oe O40) SY 9 74 1-0-0 OR? 
000 0 0: 20) 20-21 000 O 
12|1: AK? = K(x, y)/(2?, y?, ey he yx), ef 1, eS v, €y Y; e5 ry; 
12|2: AK? — K(z, y)/(a?,y » LY T yx), ef — 1, eS = LY; et = 2, €9 = Y; 
a 0 0 1: 020 1.5600 
143: é «¢ 0) J/abedeK>,22= (0 1-0)],8= (0 1 04, 
d 0 b i, (Oe 00 0 
0 0 0 00 0 
eres (ch LOT Ces. =) 0, Oe 
0 0 0 1G: 0 
acd 1 0 1 0 
15|3 0 a 0] /a,b,c,deK?, &= |e 0 eas oa Oa a 
0705 B 0 1 0 0 
0 1 0 001 
ee O) 0h ON e000 2044 
0 0 0 00 0 
16|1: Ka, gy) (ey, yz), ef = 1, 6 =a, eb yy eb Say; 
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(an ae ae) 
ee 
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Mm 
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Ee Oo oO 
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NO 
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oor 
or © 
©: ©: 


(18; A|1): K(z, y)/(2?, y?, yx — Axy), where \ € K with X 4 -1,0,1, 


ef =1, =x, et =y, ec) =2y; 
(18; A|2): Kix, y)/(x?, y?, yx — Ary), where X € K with X 4 -1,0,1 


19|1: K(x, y)/(y?, 2? + yx, cy + yx), ef =1, ef = xy, ef = 2, ef = y. 


4.5 Superbialgebras and Hopf superalgebras with dim(Ao) = 2 


Now, we compute all superbialgebra structures associated to superalgebras described above 
where dim Ag = 2. We give fairly basic description of the results, all details are given in 
Appendix A.2. We denote by j4,; the multiplication in Aj; with respect to the basis described 
above. 


Proposition 4.7. There is no 4-dimensional superbialgebra with dim Ag = 2 endowed with one 
of these multiplications [y\2, 13/3, H5|1, H7\2. M73. Hs|3, Holi, M113, Hi2|1,> Hi6j1, M16|2, H16|3; 
Migj1> Higj2, Hig|1- 


Proposition 4.8. Let (A, , 7, A, €) be a 4-dimensional superbialgebra with dim Ag = 2, then 
A is isomorphic to one of the superbialgebra in the following pairwise nonisomorphic families: 


superalgebra associated superbialgebras 
2|3 ( 
3|2 ( 
6|2 ( 
11/2 (A, uu 207) AG on 2) 
( 
( 
( 
( 


12 A, #12}2) 9; Atala» Et9I2) 
14 A, Hrajas% Ataigs Eqal) » 
A, 11513, Ajsigs €15)3) 
A, b17\2)% Adria, €17)2) 


now wW Wd 


k=1,. 
15 ,k=1,. 
17 k=1,2 


, 


It turns out that the only superbialgebras, with dim Ag = 2, which can have a non-trivial 
Hopf superalgebra structure are (3|2), (11|2) and (12]2). 


Proposition 4.9. Every non-trivial 4-dimensional Hopf superalgebra where dim Ag = 2 is iso- 
morphic to one of the following pairwise non-isomorphic Hopf superalgebras: 


1) Hi = K(z, y)/(x? — 2, y?, yx) with deg(x) = 0, deg(y) = 1 and such that 


A(z) =1@24+2@01-27@2, A(y)=1@y+y@l, 
e(z) =e(y) =0, olf) Sa S(y) = —-y; 
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2) Ho = K(z, y)/(x? — 2, y?, cy — yx — y) with deg(x) = 0, deg(y) =1 and such that 


A(z) =1@2+2@1-27 82, A(y) =1@y+y@1—27 @ ry — 2ry @z, 
e(y) = 0, ot) =a) S(y) =% 


€(x) 


3) H3 = K(a, y)/(x?, y?, cy + yx) with deg(x) = deg(y) =1 and such that 


A(z) =1®2+2@1, A(ty)=1®@y+ye@l, 
E(x) = e(y) = 0, S(z) =k, S(y) =—Y; 


4) Ha = K(2, y)/(x? — 2, y?, yx) with deg(x) = 0, deg(y) = 1 and such that 


A(z) =1@2+2@1-27@2, A(y) =1@y+y@1-2r®y, 
e(x)=e(y)=0, S(a)=a2, Sly) =2xy—-y, 


where K(x, y) stands for noncommutative polynomials. 


32 (see Appendix A.2) with x = e§, y = 


Proof. The Hopf superalgebra 1 corresponds to A 
et =F oe 
The Hopf superalgebra H2 corresponds to Ait with z = e9, y= et — ed. 


The Hopf superalgebra 13 corresponds to Aisio with z =el, y=eb. 


The Hopf superalgebra 4 corresponds to Adj with « = 3, y=e} + ed. a 


Therefore, gathering the results corresponding to the case dimAg = 3 and dimAp = 2 we 
obtain five 4-dimensional Hopf superalgebras. 


Theorem 4.10. Every non-trivial 4-dimensional Hopf superalgebra is isomorphic to one of the 
following Hopf superalgebras 


H, = K|Z/2Z] @ AK, Hz = K[Z/2Z] «, AK, 
H3 = AR? , Ha =H5 and Hs, 


where o : Z/2Z — GL(K) is the non-trivial action of Z/2Z on K, H5 is the dual of Hz and Hs 
is defined as K[x, y|/(x? + y* — 1, xy) (deg(x) = 0, deg(y) = 1) such that 


A(z) =x@@xr-—ay®y, én) = 1, Sa) =, 
Aw) =r®y+y@z, ey)=0, Sly) = ay. 


with a* = 1. 


Proof. The first three Hopf superalgebras are cocommutative. We obtain the isomorphisms, 
thanks to Kostant’s theorem. However, since 14 is commutative, its dual is cocommutative, 
it turns out that we have Hy = H3. The Hopf superalgebra H5 corresponds to Aj); (Proposi- 
tion 4.5), it is not cocommutative and is the only one whose even part is 3-dimensional. a 


In the following table, we collect the results obtained for 4-dimensional superbialgebras and 
Hopf superalgebras. Notice that algebras are those classified by Gabriel, see Theorem 4.1. The 
superalgebras (i|j) denote j** graduation of the i** algebra, obtained by Armour, Chen and 
Zhang, see Proposition 4.2 for the first case (dim Ag = 3) and Proposition 4.6 for the second 
case (dim Ag = 2). We quote below the number of corresponding superbialgebras and Hopf 


superalgebras. 
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algebra superalgebra { superbialgebras { Hopf superalgebras 


1 11 re: 1 
1|2 0 0 

2 2|1 22 0 
2|2 0 0 

2|3 4 0 

3 3|1 0 0 
3|2 9 2 

3|3 0 0 

4 4|1 3 0 
5 51 0 0 
6 6/1 18 0 
6|2 11 0 

7 71 0 0 
7\2 0 0 

7/3 0 0 

8 8|1 0 0 
8|2 0 0 

8|3 0 0 

9 9|1 0 0 
9|2 0 0 

10 10|1 0 0 
11 111 0 0 
11|2 1 1 

11|3 0 0 

12 12/1 0 0 
12|2 1 i 

13 13/1 21 0 
14 14]1 9 0 
14|2 4 0 

14|3 7 0 

15 15/1 9 0 
15|2 4 0 

15|3 7 0 

16 16|2 0 0 
16|1 0 0 

16|3 0 0 

17 17|1 if) 0 
17|2 2 0 

(18; A) (18; A)j1 0 0 
(18; A)|2 0 0 

19 19|1 0 0 


A Appendix 


We list in the following supercoalgebras associated to a given 4-dimensional superalgebra <A, 
such that A = Ag @ A;. We denote the comultiplication by A‘ . and the counit by Eby where 7% 
indicates the item of the 4-dimensional algebra listed in Theorem 4.1, and Aj; denotes the 
superalgebra obtained from the i*® algebra, see Proposition 4.2 for the first case (dim Ag = 3) 
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and Proposition 4.6 for the second case (dim Aj = 2). The exponent k indicates the item of 
the comultiplication and counit which combined with the multiplication of superalgebra Aj); 
and the unit 7 provide a 4-dimensional superbialgebra. Recall that for all of them we have 
n(1) = 1 (unit element), A(1) = 11, el ) = 1 and e(A;) = 0. In the sequel, we denote 
by A* ily the superbialgebra (A, Hay 1 Abe nis In order to simplify the superbialgebra in this 
appendix, we change the variables for superalgebras Aj),, Agi, Agj2, Agj1, Aisj1, Atij2, Argi2- 
For the superalgebras Aj);, A3j2, Ajij2, A1zj2 we change the variables as mentioned before 


Beougauen 4.5 and in the proof of pr0peeOE 4.9. For Ag and Aj;3); we use z = ef — 9, 


y = et, and for Agi, we use © = = + ey, y = et. eee to the snare aa of each 
superalgebra we obtain that Ag), = Re, yj =a, 200"); Am = Kiel — 2), 
Ai3n = K(x y)/(a—a,xy+yx,ry—y,y"). For the remaining superalgebras we change just the 
notation of basis vectors. For dim(Ag) = 3, we consider the basis {1 = e?, 2 = e§, y = e§, z = ef } 


and for dim(Ao) = 2 the basis {1 = e?, z = 8, y= ej, z =e}. 


A.1 Case dim Ap = 3 

Superalgebra Ay), = K[z, y]/(a? + y? —1, xy) with deg(a) = 0 and deg(y) = 1, we have 
1) Aj), with A}, (z) = $(x@1l+22@1+2?@x-2®z), 

Al, (y) =y@1+ 32? @y — 32 @y, et), (2) = -1; 


2) A?, with A? (©) =2@@xr—-ay®y, Ati (y) =re@yty@z, ef 1 (2) = 1, 
where a is a primitive 4th root of unity of K; 


3) A3, with A3, (x) =7@a, A3,(y) =le@yt+y@a, (x) =1, 


4) Af, with At, (x) = $(27 @2?+2@22+2?@x-2@x), 

Ati (y) =1@yt+y@z, ef) (x) = —-1; 

5) A? with A®, (2) = $(@@14+1@2-182?—-2°@1+2° @2?+282), 

Ali (y) =y@1t+ sy@rte@y—yO2* +27 @y), ef, (2) =1; 

6) AS, with AS, (x) = $(x®r+2O2?+2? @x-2* @x"), 

Ati (y) =1@yt+y@2*, ef, (2) =1; 

7) At, with A? (z) =-1@1+5(@@x+2@814+18x4+1827?4+2? @1-2° 82"), 
Aji (y) = s(@@yt+y@r+s2* @yty@x"), ef, (2) =]; 

8) A’, with A®, (x) =x @z, Ati (y y)=y@lt+z2’ @y, eh, (2) = 1; 


9) Abn = (Aq), Ain = = (Aj), Ay, = (At )°?, Ay, = = (Aj, 


1eeP. 


Superalgebra Ag = K{z, y)/(a? — x, y?, vy) with deg(x) = 0 and deg(y) = 1, e5)1 (2) = 1 for 
RS Teas 223 


1) Ah with Adi (x) =¢@o tor b= 1y.; 24.08 


e AB. (y) =y@rtzre@y, 
eA (y=c@ytyer’, 
e AB. (y) =y@2* +27 @y, 
e AB. (y) =1@y+y8ze, 
e AB. (y) =1@yt+y 82"; 


2) Abi with Ad), (x = 


Nir 
ee 
& 
Re 
+ 
8 
& 
8 
+ 

ac 
& 
8 
8 
& 
ae 
& 


y) = $(y@x+r@ytx" @y+yeu"); 
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3) Ab, with Aj), (2) = 43a @r+2e2@a?+2?@x-2? @2"), 
AT (y) = sy @rt+ar@yt gu @yt fy Ox’; 

4) Ab), with A5), (x) = f(3t@r+x2@u?+2? @x-—2? @2"), 
AS. (y) =1@y+sy@ut sy @2"; 

5) Bai Pan Aa) = 5 (327 @2? — Ja? @x—- 520274 3x2Or+1@r—-xOl1l—x*@1-1@2"), 
Aji) = 7y@r+r@yts @ytyS2"); 

6) Aj? with Aj) (x) = $(2? @2?+2@8r4+18x+2701-182?—-2' 81), 
ANY) = 7y@r+r@yts2’ @yty@2"); 

7) Ajj, with Aj) (z) = 5(2? @ 22 +27024+182r+281-1827—-2'@1), 
Atay) =1@y+ sy@rt+r@yty@x?— 2 @y); 

8) Ay, with A}? (x) = $(x@@a*? +2 @r24+182-182"), 
AP (y) =1@yt+s(y@a?+y@z); 

9) A}’ with AB (xz) = -1@14 $(e@x+7@1418x4+182? +27 @1-2? @2?), 
AB (y) =s(y@x+r@yt2* ®@yt+y@z"); 

10) Aj} with ADi (2) =1@2r2+2@1-r2@zr-2’@ur-2O2’, 
Ady) =y@14+1@y-2* @y-y@x"*; 

i) Aj), with Aj? (x \=182r+201-27 2, Ayi(y) =y@1+1@y—2? @y—y@x?; 

12) Aj6 with Ai (z) =1@r+27@1+3(-rt@r-2rO2’?-2? @x+27 @2"), 
Ay (y) =y@1l+1l@y—2* @y-ye@2’; 

13) Aj4 with A(z) =1@2+2@1-2@2*-2’ @r+2"* @2’, 
ASL (y) =y@1+1l@y—2* @y-y@2’; 

14) ASS with Aj’ (cz) =-1@141@27+2° @14+ 5(eO@r+2O2"+2' @x— 32’ @2"), 
A} (y) = fy @E+ gr @Oy+ sr @Oyt+ sy Ox’; 

15) Al?) with AP (2) = $(z@x+2@22+2? @r—2?@x?), Any) = 1@yt+y@2?; 

16) A, = (Agi), Ash = (Ad)? AS, = (45,1)? 


Superalgebra Ay, we have Afi (2) =2Qx2, efi (2) =1, eg (Y) = 0 fork =1,...,3: 


1) Aji with Ain ly y)=r®@yt+yq, Ajn(2) =2@z+2@2; 


2) Aji with Ain ly y)=zc®@yt+y@l, Aja (2) =27@14+282; 


3) 


Aj 


p= (Ag)? 


Superalgebra Ag, = K[x,y|/(x* — «?,y? — xy) with deg(x) = 0 and deg(y) = 1, we have 
ega(@) = 1 for k= 1,..., 18: 


1) Abi with Agy(2) =2@a?+2°@x—27 @a?, Agi ly yY)=yOr +2’ @y; 


2) Abi with Ag, (2) =2@ 2? +2°@x- 27? @ x? +y@y, Aguly) =y Or? +2? @y; 


3) Abi with Af, (x) = 2 ® x for k = 3,...,8 and 


e Ag (y y)=rc®@yt+yzq, 
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0 Ab. (y) =y Oa? +r@y, 
e Abily) =y@2? +2’ @y, 
© Asi (y) =y@lt+e@y, 
© Aj (y) =y@1t+27@y, 
© Aji(y) =1@yt+ye@l; 

4) Ae with Ag (2) = rQxrt+y@y, Aba ly J=x#@ytyOo; 

5) Ag) with Ag (2) = r@l—2?@l4+27%@z, Agi y y) =y@r?+27 @y; 

6) Aji, with Agi (z) = r@art+a? @a—2? @2?, Agi ly \=y@lt2’@y; 

7) Ag’, with Agi (2) =£@1—27@14+27 @2, Agily J\=e2*@yty@l; 

8) AIR = (Abn), AB = (ABE, AIL = (48), AME = (4B), AB = CARRY 

Ass _ (Asn peer: 
Superalgebra Ay3, = K(x, y)/(x? — a, y?, cy + yx, vy — y) with deg(x) = 0 and deg(y) = 1, 


we have eta) (2) =) FOr kee Te oss 


11 and eta (2 fy dor k= 12 coed? 


, With Ais, (ez) =1@2+281-27 @a, Alyy) =1Oy+y@1l—2* @y—-yex?; 
_ with A?, (2) =1@2+2814+ 4282 52 Qu? — 52° @x— 52" @x?, 
iy) =1@y+y@l—2* @y—-ye@x’; 

_ with A3,,(z) =1@r2+r2@1l+ gx@x SEO x 527 @ x — 527 @2x?, 
(it og yO": 

, With Aj,, (2) =1@2+2@14+-2? @2-27 @ 2’, 
ee er eee 
, with A®,,(c) =1@2+2@1 SEOUL FxXOAU*— 527 @axt 527? @2", 
iy) =1@y+y@l1—-sr2@y—-ty@a— he’ @y-tye@r’; 

, With AS, (zc) =1@2+2¢@1 SL QL 52 @ x? — 52°? @ut 527? @a*- Woy, 

L(y) =1®yty@l— 5x @y—- sy @u- 52? @y— sy @2’; 

2 2 2 2 

_ with A‘, (2) =1@¢ x@l SL OL SE @2? + 52° @2?—-2 @a, 
‘@-te: y@l—5r@y— 52 @y-yer; 
, with Afsy(z) =1@2+2@1—22", Abs (y) =1Oy+y@l—z* @y—ye@x"; 
, with Ajs, (2) =1@r+2@1—2@x*, Ads, (y) =y@1+1Oy—ye@2"; 
t= (Ata )°°P3 
, with Ay}, (v7) =1@2+2@1—-c@zr-w@z’-2’ Sz, 
ny) =1@yty@l—2? @y—-ye2’; 

, with AT3), (x L) = $1@2+452@1—-$182?—$2°@1—-fr@a2?—F2’@r+Fr@rt 32’ @2”, 
W=iseytivees ey tyes” 

, with Ab, (y) = Sr QytsyQu+ 5x? @y+ sy @x? fork =13,...,21 


° Arn (2) =0O 7; 


=U Ort 5x@ar+sa°@ux—F2? Ox? +BWeOy, 
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+ Ai.) =joert tert jrol- tal, 

e Al$. (x) =$1@2+ }2@1-31@27-40° @1+ 5224 jx" Oo’, 

© Ati (@) = jr @ at Gr@a? + 4x @x—- 72" Oa”, 

e A (x) =-1814+ 528241827 +27 @1+ hc@n7 4+ $2? @ar— 327 @2", 

* Ai$, (2) = -1914+ 52@2r4+1@27+2'@1 EE @ x? 12 Qa 30? @a?+Qe@y, 

0 AM (2) =—-1@14 pr @x+51 Oa? +52? @145e@a?t fx? Ox — 307 ax; 
14) Algy = (Api)? 


Superalgebra Aj4\1, we have eta (2) = 0, eta (Y) =0fork=1,...,9: 


1) Atay with Ajy,(z) =1@2+2@1—-2@2 fork=1,...,6: 


e Aiji(y) =1@yt+y@l-x@y-yez, Atai(2)=1@2+2@1, 

¢ Ati) =1@yt+y@l-r@y-yes, Ai (2) =1@z2+2@1-2®z, 

e Ain) =1ey+y@l—c@y-yertye@y, Ay) (2) =182+2@1-2@z, 
° Ajai(y) =18y YRLA TOY yOu; Ata (z) =1@z z@1-2£@z-z@2, 
e Abi (y) = 1@y+y@1-c@y-y@rtyey, Ab, (2) = 1@z+z@1—-r@z—-z@z+z28y, 
© Aun y) =1ey+y@l—-r@z—z@2+y@y, Aly, (2) =18z2+281-2@z- 282; 


taj with Ai (c)=1@2+2@l1l—c@rt+y®y, 
Aisny) =1@yty@l—-z@y-yertye@y, Aly, (2) =182+281, 


3) Avan = (Ata)? Avan = (Aba). 


Superalgebra Aj4\2, we have EY 4jo(2) = 0 and eT 4o(y) = 0 fork=1,...,4: 


1) Aig with Aly (x) =1@e+2@1—zr@z, Ay (y)=1ey y®l-y@z2-z2@a, 
Atyo(2) =18z+2@81-z@x-2£®z; 


2) A?) with Aj,..(z) =1@2+2@1-282, Atjo(y) =1@yty@l—zrey, 
A? (2) =1824+281-282z-282; 


3) A? ,, with A?,,(c) =1@2+2@1-z@z, AY yoy) =1@y+y@l-r®y-ye@rt+ye@y, 
A3.(z) =18z2+z2@1—z@rx-2@z; 


4) Ata = (Atyo) 


cop 


Superalgebra Aj5),, we have Aisi = (Ajay), Absit = (Ata), Ads = (Ata), Aisi = 


9 5 _ (46 6 _ (43 7 (a4 8 _ at 9 _ 
(Aja)? Alsi a (Aja)? Atsi1 = (Aqy) Atsi1 me (Aja)? Atsi1 7 (Ajay)? Atsi1 a4 
At joreer 

141 : 

1 _/,l 2 _( 4a 3 _ 742 Bee eta! 

Superalgebra Aj5\2, we have Atsi9 = (Ajyio)°?, Ats)9 = (Ajai)? Atsi9 = (Aty)°?, Atsj2 = 
Aba)? 


Superalgebra Aj7\1, we have ety (2) = 1 and ete (y) = 0 fork =1,...,11: 

1) Ain with Aini(z) =r @rt+y@y+z@z, Aimy) =e @yty@rtz@z, 
Ain (2) =e @z+zOxrt+z@yty@z 

2) A 


71 with At (2) =2ZQrLr+z2@z, At (y) =reyt+y@zq, Afr (2) =z@r+2@z; 
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3) Atny with Ay), (« t)=x@e+z7@z, A}, (y)=c@yt+y@r+z@z-yey, 
Avy (2) = 2OL+2@ 2; 


4) At, with At,,(2)=r@rty@y, At (y) =r @ytyOx, 
Atyi(z) =ZOL+2Oz-zOy—-y@z; 


5) Ar, we have Af (t) =2@a and A‘ (y) =c@yty@urt+y@y for k=5,6,7: 


e Ara (2 Z)=LOZ+z2@R, 
e Ava (2 Z)=L2Oz4+z2OrL+z2@Qy-y@z, 
° Ata (2 Z)=ZOLALOZ+z@y; 


6) Avy _ (Aty a)? 


7) Abr ty (2) = ©. for k= 9,10;11: 


we have A 


© Any) =e @yt+y@r—yey, Ati (2) =zOr+2r@z, 
e Aimy) =e @yty@rt+z®z, Ai}, (2) =2@z+2@2, 
© Ainy) =c@yt+y@rty@y+z2Oz, A(z) =z@rt+e@zt+z@yty@z. 


A.2 Case dim Ap = 2 
Superalgebra Ag)3, we have Adi3(x) =18r4+281-7®@2, E513(2) =0fork=1.,...,4: 


1) Abj3 with Adi3(y y)=1®@yt+y@l1l-z®y, Ajg(2) =1@z2+2@1-z@z-z@z; 


2) Abs with A5)3(y y=l®yty@l-zr@y+z28z, Ajig(2) = 1@z tz@l—-xr@z-z@z; 


3) Adis = (Agj3)°°?, Adj3 = (AS 


513) 


Superalgebra Azo = K(a, y)/(x? — 2, y?, yx) with deg(x) = 0 and deg(y) = 1, we have 
e$}0(2) =U ote Tye OS 
1) Abi with Aj a(x z)=18@2+281-22 @2 for k=1,2, and 


e Ajo(y) =1@yt+ty@l—-22z@y, 
e AZo(y) =1@yt+y@l; 


S0 with Aj a(x r)=1@2+2@1-—2 82, for k =3,...,9, and 


324) =l@yt+ty@l—-zc@y—-yO@rt+rzy@r+zr@zy, 
e A3o(y) = 1l@®yt+y@l-r@®y—-ry Sz, 
e AD (y) =1®yt+ty@l—-xey-yez, 
e AS.(y) = 1l@®yt+y@l-xr@ry-sry@a, 
© Al(y) =1@yt+y@l-yez, 
e AS.(y) =leyty@l, 
* A3o = (A3))°P 


Superalgebra Agi, we have Afio(a) =2@zx and EGjo(2) =1fork=1,...,11: 


1) Aé\o with Aboly y)=y@x+2@y fork=1,...,4, and 
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=z@2+1®z, 


(z) 

e Ago(z) =z @r+z@z, 
(z) 
(7) =1@z+z2@2r+1@y—-r@y; 


2) A’, with AS,(y) =y@1+1@y, Ak,(z)=2@rt2@z; 
3) AS, with AS,(y) =y@rt1e@y, A$(z)=2@2+18z; 
4) AG, with Aj(y) =1@yt+y@a, Aj(z)=2@z2+28a,; 
5) Aga With Afo(y) =y@e+2@y+z2@14+18z-2@z-z@2, Af (z)=1@z2+281; 
6) A’, with AP (y) =y@atl@y+2@1+1@2z-2@x-2@z, A8,(z) =2@e2+10% 
7) AlO with Al (y) =y@rtie@ytiley+iez—lrez, 

Agh(2) =2@e+ s1@z+1@y—-e@yt ez; 
8) Aga = (Aja)? 


Superalgebra Ay1)o = K(x, y)/(a? — x, y°, zy — yx — y) with deg(x) = 0,deg(y) = 1: 


1) Ajp(2) =1@r+e@1—-2wz, Aj (y) =1l@yty@l—2w Say — wy @x, 


Superalgebra Ati ~ K(z, y)/(x?, y?, cy + yx) with deg(x) = deg(y) = 1: 
1) Ajyo(z) =1@2+2@1, Aj (y) =1@y+y@l. 


Superalgebra Aj4)3, we have Af 43 (2) =1@z+2z@1-—2x2®2z-—2@2 and e44i(2) = 0 for 
RS Tyes.y 


1) Abas with A},.(2) =1@x2+2@1l—e@z fork=1,...,4: 
e Als) =1@y+y@l, 
by Atys(y) =1@y y@l+r7@z4+282, 
= Atis(y) =1@yt+ty@l—zey, 
© Aiys(y) =1@yt+ty@l—-rcey—yeza; 
2) Abas with Af,,() =1@e¢+2@1—z@r+z2@z fork =5,6: 


? Alig) =1@yt+y@l, 
. Atis(y) =1@y y@l+z2@z+2@2; 


3) Alas = (Ajj)? 


i. Spat eas 2 a AS die ws 
Superalgebra Aj5)3, we have Ats)3 = (Ajgig)°?, Ats)3 = (Aqy)3)°?, Atsi3 = (Aqy3)°?, Ats)3 = 
4 Bc ek pan 6  _ (46 7 (Ad 5 
(Ajyj3)°?; Alsi3 = (Ajyi3)°?, Alsig = (Aqaj3)°?; Asis = (Aqai3)°P ce 
Superalgebra Ay7\2, we have: 
1) Ain with Atno(2) =182+281-2®@7, Atno(y) =1@y+y@l-y@r-rey, 


Aijo(2)=182+2@1-z@r-2@z, Ef5)3(2) = 0; 


2) Arty with At n9(2) =I@E, At no(y) =cCOytySr, Air 10(2) =£@2z+z28z, Ej5\3(2) =n 
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